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CHAPTER L 
INTRODUCTORY. 


In reciprocation we start with the auxiliary conic which 
may be represented by the general equation of the second degree. 
e The reciprocal polar of a system (A) consisting of a series 
of points is a system (B) consisting of the polar lines of the points 
with respect to the auxiliary conic. The reciprocal polar of a 
system (C) consisting of a series of straight lines is a system (D) 
consisting of a series of points—the poles of the straight lines with | 
respect to the auxiliary conic. ۱ 
Again a curve may be regarded either as the locus of 
& point or as the envelope of a variable straight line movi 
according to some assigned conditions. In fact, after Pliicker, 
|» + Wwe may regard one and the same curve as described by a point and 
c enveloped by a straight line passing through the point which is 
1 advancing along the line at the same time that the line is rotating - 











9۹ about the point. The intrinsic equation to the curve furnishes 

us with the relation between the velocity of the point and the‏ و 

E: . rate of angular rotation of the line. Also we look upon the 

"T tangent to a curve as the line passing through two consecutive | 

—* points on it, and a point on the curve as the point of intersection x 

۳ ` of two consecutive tangents to the curve. Hence the reciprocal ۹ 

ins | curve may be looked upon either as the envelope of the ۰ 

Ry. © polars of the points on the original curve or the locus of the poles " 

"s of the tangents to the given curve. Hence the polar reciprocal ^d 
|. A js the envelope of the corresponding polar line of the point on the e 


= original curve rotating about a point in it and the point at the k 
| same time is advancing' along the straight line and describing A 
the curve. A pointin one figure corresponds to a tangent in the E 
other and vice versd. Thus the class of the reciprocal curve 3 
must be the same as the degree of the original curve, and vice p 
versa as the reciprocal polar of a series of points lying on a right 

line is a series of right lines passing through a point and vice 





= 
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2. Let ax’ + رات‎ + by* + gx + 2/۷ + 6 )( be the auxiliary 
conic. 
The reciprocal polar of à point (2', y’) is the polar line 


(ax + hy +g) x (har by ef) y -(gx + fy +e) =0. 


Also the reciprocal polar of a right line Ax + py +v=0 is 
the point (2°, y) where 


ax + hy + ha eby + ga’ fy +e 
A * AE GS TM e : 


Whence 
- | AX + Ff pi + Fy 
GA * Fa * C. 
Hr + Hu * Fy 


— a اف‎ Ser ars 3. echa 
S y GÀ + Fa + Ov 


a 
The reciprocal polar of another conic a'r + 2 ry + by + 
2z + 2Î y +c =0 is the locus of a point (7, y’) whose polar 
with respect to the auxiliary conic is a tangent to the second 
conic. Hence the reciprocal polar is represented by the equation 
A'(ar + hy +g) + B'(hxby + fJ), + O" (gx + fy -c) + 2F' (hx + by 
+ (gaz + fy +c) +26" (gx+fy+c) (ax + hy +g) + 2H” (ax + hy * 9) 
(ha + by + f) =O 
or [Aa + B'* + C'g? + 2k gh + 2G'aq+2H ahi x*«2 {A’ah+ 
B hh + C'qf + F'(bg + hf) + Claf + gh) + H'(ab + A) xy + [A'h + پڪ‎ 
B'b + Of? + ۳۳۸ + 2G hj + 2۵, + 2 (Aag + B'hi + C'eg + F 
1 (ch + fg) + G'(ac +g) + MH (af + gh)] zx + 2 {A4 gh + B'bf + O'cj + 
F'(bc + f) + G'(gf + ch) + H'(bg + AD) y + {Ag + B'f* + 6۳ + 
2F'cf + 2G'cg + 2H’ jg) =. 
The reciprocal conic will be an ellipse, a parabola or an 
hyperbola according as 
{fA ah + B’bh + C'gf + F'(bg + hf) + G'(af + gh) + H'(ab + K) — 
{A at  B'h* + C'g* + 2F'gh + 2G'ag + 2H'ah) {A + B'b* + CP + 
2F'bj + 2G'hf  2H'bh| is negative, zero, or positive, i.e., accord- 
ing as (F'* — B'O') G* + (G'*^ —C'A*) F* + (H"* — A'B') C* —2(G*H* 
— A'F')CF —2(H' F' — B'G')CG —2(F'G' -C'H') FG is negative, 
zero or positive, i.e., according as— 4' (a'G* +b F> +c'C? + 
29 CG + ICF + 2h FG) is negative, zero or positive. 
Now it is easy to see that the lines through the origin parallel 
to the tangents which can be drawn from the centre of the auxili- 
conic to the second conic are represented by the equation 
[ z'(C'F'!—2F'FC + BC’) -2ry (C'FG — F'GC —G'CF + H'C*) + ۴ 
| (CGF —2G'GC + 4'C") =0, | 
f These lines are imaginary, coincident or real and distinct 
according as | ‘ie 


fa 











Hence the reciprocal conic is an ellipse, a p ola, — | 


hyperbola according as the tangents drawn from the centre of t 
reciprocating conic to the second conic are imaginary, coincident — — 
or real and distinct. When the auxiliary conic is a parabola the — 
centre is at infinity in the direction of the axis of the parabola, — — 
and in that case the reciprocal polar is an ellipse, 4 parabola or —— 
an hyperbola according as none, only one or two tangents can —— 
be drawn to the original conic parallel to the axis of the auxiliary _ 
parabola. | X 
3. We can, at our option, imagine the auxiliary conie to be 
(1) a circle, (2) a parabola, (3) an ellipse, or (4) an hyperbola. "m 
The reciprocal polar of a system will be called its circular, — — 
parfhbolic, elliptic or hyperbolic polar according as the auxiliary — 
conic is a circle, a parabola, an ellipse or an hyperbola. A ui 
In this thesis it is intended to discuss these polars in the ۰. 
following order :— PEL. 


(1) Circular Polars, 
(3) Elliptic Polars. 


(2) Parabolic Polars. 
(4) Hyperbolic Polars. 
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CHAPTER II. 
CIRCULAR POLARS. i 


€ 2 E 
l. Let ره + ده‎ =r" be the equation to the auxiliary conic 
the axes being rectangular. 
The circular polar of a point P(x’, y) is the line zr + yy’ 
=r which is perpendicular to OP and is at a distance from 
r? 


the origin equal to OP 


The circular polar of a line Ax *,5y-—1 is the point (Ar, 
pr") such that the line joining the point with the origin is per- 


tance of the point from the origin, and the perpendicular 
drawn from the origin on the line is equal to the square of the 
radius of the auxiliary circle. Tt is evident that the circular 








2. To determine the circular polar of the general conic 
ax! + hay Dy + 2qx + 2/۷ + C—O. 


— to the given line, and the rectangle contained by the 


AU. 










A or 
m p. 


| X ` polar is the inverse of the pedal curve, the auxiliary circle being 
the circle of inversion. 





^ Let û" + y =r* be the auxiliary circle. 

The circular polar is the locus of a point (r', y’) whose polar 

rr' yy —r'-—0 with respect to the auxiliary circle is a tangent 

to the conic. Now Ar-c,4y*:-—0O touches the conic aa + 

2hrxy + by + dgx + 3 + - 0 if AX + 2/۸ + But + 2GvÀ + 2 vp 

+C.*=—0. Hence the equation to the circular polar is Aa + 

' 2H zy + By! —2Grx—2F ry + Or =0. 

y | 3. To determine the foci of the general conic axr" + 245 + 
by? + 2gr + 2 fy + c—0. 

The pedal of a central conic with respect to a focus is the 

auxiliary circle of the conic. Hence the reciprocal polar of a 
central conic, when a focus is the origin of reciprocation, is the 
inverse of a circle and is therefore a circle. Again the pedal of a 
parabola with respect to its focus is the tangent at the vertex ; 
therefore the reciprocal polar of a parabola when the focus is 
the origin of reciprocation is a circle which is the inverse of the 
tangent at the vertex. Let (x', y’) be a focus of the general cenic 


ax? + hay + by* + 2gx + 2fy +c =—0. 
Transferring the origin to (x, y’) the equation to the conie 
becomes ax" + 2hry + by’ + 2g'x + 2f'y +e —0 
where g =a hy + r 
f =ħx + by f, 
نم عم‎ + hæ رنب‎ + 2gx' + 2/۷ +c. 
The circular polar of this conic.with respect to 2? + yî =F" 
(referred to the new origin) is 
A'z* + 2H’ xy + Bi? — 2G’ ra — Fry + C't =—0. 


In order that this circular polar may be a circle we must 


have | 
A' = B' and H* «0 
$.6., be’ ۳+ —ac' —94" and f//'g' —c'h —0 
qg*—f" 3 af j 7 
E acp TF 
6e (ax + hy + dg) — (hz + by + fy Ed (ax + hw + gq) (hae TS by 4 f) 
ee 


= aa" + hx’ + by" + 2۳ + ۵ +o. 
Hence the co-ordinates x’, y' of a focus are determined by 
the equations 
* (ax + hy +q)'—(he+by+f)* (ac + hy +g) (hx + by +f) 
1 Sr a rT رآ‎ er TET See m ER CES A) 
| =ax* + Qhay + by + 29x + 2fy + c. 
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Thus we get the equations determining the foci on the 
assumption that the circ polar of the general conic is a circle — 1 9 


when the origin of reciprocation is a focus. 


4. It is easy to see that the general conic has four foci, 


two of which are real and two imaginary. The foci are given 
by the equations ° 


a— b 


(ax + hy +g) — (hx + by €f) (ax + hy + g)hz + by + f (a): 
ae — — — 


and (ax + hy + g)(Az + by + f) = hlar + 2hry + رون‎ + 29r + 2۷ + C(2) 


The second equation reduces to 
Cay — Fa — Gy + H —0 
which represents an equilateral hyperbola cuncentric with the 
general conic. The first equation represents a pair of —— 


limes through the centre of the general conic and at right angli 
to each other. These two lines are given by the equation 






ax + hy + 
— ا‎ a 





hæ + )و‎ +7 ` 
LE. S, 
where | — 0 
Or AM — (a با[‎ — A =O, 
P ۱ = 1 " 
= x“ = Ia — 8) + 4, 
27, 


Let these values of ^ be represented by ^, and ^. The two 
lines represented by (1) are therefore 


(a — A. Aja  (h— ۸,۵۱۷ + ۱ - ۸,/( =0 
and (a — Aye + (h—A biy + (g—A.f)=9. 
Now (a—A h)y(a—À A) + (h.— X,by(h — Ab) 

= (a^ + A*) — hia +b), +A.) HA AAT + 07) 


= (a* + M) — Aa +b). 75 (A +b) 
' aq—b | 
] ۰ M eX, رت‎ and AX -1] 
— (a* + A?) — (a? — b?) — (hè? + BY) =0. 


Hence the two lines represented by (1) are at right angles to 
each other. 














Now of these two rectangular lines drawn through the 
centre of the equilateral hyperbola represented by (2) one 
intersects the hyperbola in two real points and the other in two 
imaginary points. Therefore the general conic has two real 
and two imaginary foci. 

The axes of the general conic are the lines through the 
centre on which the foci are situated and are therefore deter- 
mined by the equation 


a -—h / 


When the general conic is à parabola A* — ab or C—O and then 
the hyperbola represented by (2) reduces to the right line 


Fx + Gy= H ; 


۳ ye — 
_(a—b)+(a+6) a 0 
"we EOS Tu eA oo AE 


The two lines represented by (1) are in this case 


az + hy+g a 
hr + ۷ +f oh 
the line infinity and 


or (gh —af)=0— 





az + ۷+ 4 b 
hir + ۷ +f ooh 
or (a + bhr + (h* by + (gh +b/)=0 
or har + by — — 
a b 


Hence in the parabola there is only one real focus at a 
finite distance which is the point of intersection of 


Fz + Gy —H 
gh + bf 
h / — — — < 
and A OY He a 


and the other three foci two of which are imaginary are on the 
line infinity. 

5. The circular polar reduces to a pair of straight lines 
when the discriminant of the equation 


Ar" + 2Hxry + By! —26r'x — 2Frty + CrA —0 vanishes, 





m Tu dt ۱ "ETTARI از‎ m^ 
Y fy A 
۱ i T 

W.^ LI " » ¥ ۴ 
ی یس‎ i s ۴ — 
l ۳ ۰ - 
=g 

4 

6۳ 1 





Now this discriminant 
=r (ABC + 2FGH — AF — BG’ — OF") 
=7* (abc + 2igh — aj* — bg" —ch*)*. 


The discriminant vanishes when r=o, ie., when the aux ay n 
circle is a point circle. In this case the circular polar reduces — 


to the pair of lines represented by the equation ۳ 


Aa’ + ۵ xy + By’ =0. 
These lines are perpendicular to the tangents 
Ba’ —2Hxry + Ay’ =0 


which can be drawn from the origin (which is also the centre of 
reciprocation) to the conic, 

The discriminant also vanishes when abc + 2/gh — aj" — bg? 
— =O, i.c., when the original conic breaks up into two straight 

es. 

In this case BC —F*—C41—(0(0* —AHB—H* —GH—AF—HF | 
— BG = FG —CH —0 and the circular polar reduces to the pair 4 
of coincident lines represented by ۱ l 


(r/4d +y B—-r*,70)-—0. 


auxiliary circle 


£e. the pole (x', y^") is the point of intersection of the straight. 
lines represented by the given equation. 

The polar of the point of intersection is the line joining the 
poles of the two intersecting lines and the polar of any point 
lying on this polar line passes through the point of intersection 
and may therefore be regarded as a tangent to the original 
S ` conic reduced to a pair of straight lines. r 
» 6. The circular polar is an ellipse, a parabola or an hyper- 
bola according as the lines represented by the equation Az* + 
2Hxry + By" =0 are imaginary, coincident or real and distinct. 


ei But the tangents from the origin to the given conic are re- 
M ponente by the equation Ba‘ — 2//xy + Ay* =O and are therefore 
; nes at right angles to the pair of lines represented by Az* + 


2 Hay + Hy'—0. Therefore the reciprocal polar is an ellipse, a 

| la or an hyperbola according as no tangent, only one or 
two real and distinct tangents can be drawn from the origin to 
ig the given conic. 

























origin will be the centre of the reciprocal polar if Ww. 
Hence if the origin be the centre of the given ` 
polar will be concentric with the given — 


The centre of the circular polar is the point of intersec- 


the lines 
Ax + Ay — Gr* — 0 
Hz + By — 1۳۳۷ =0. 
If (x, y) be the co-ordinates of the centre 


(HF —RG)r gr | 


AB—ff ^ c ۳ 
| (HG— AF|r fr? 


— e — — 4 


AR — Hm c 


_ . The polar of this centre with respect to the anxiliary circle 

is the line gz «fy + c—0 which is also the polar of the origin 

with respect to the given conic. ۲ 
Transferring the origin to this centre the equation to the , 

circular polar becomes 


and y= 


Ax + 2Hry + By +7 (Ag + 2 + BP + 20 + 2F fe + Oc*)=0 


or Aa? + 2Hzy + By" + riko Ag + Hf + Go E 
و‎ + Bf + Fe) + (Gq + Ff + Cc)] =0 l 4 
or Az + Hazy + By « 73 =o. | 
, | Let the equation to this circular polar referred to ita | | E | 
axis be داوم‎ + By? + a z 0, gr 
۲ hen A’'+B'=A+B : 


. "EN 
and A'B' —AB-—H*. Om 
The area of this reciprocal conic | ! 


— Pee | eee | Ss ies Uf eee 
۷ PAE c/aB—H af 41 — 


Also the area of the original conic == p 


4 









To determine the locus of the centre of reciprocat‏ و 
such that the circular polars of a given conic with respect to —‏ 
auxiliary circle of constant radius may be of constant area. 23‏ | 

Transferring the origin to (x', y')— a point on the locus = = 
the equation to the given conic becomes A 


azî + Shxy + by" + 29g'z -2f'y +c —0 
and the equation to the auxiliary circle becomes 
ت ی کے‎ 

-— 
eThe area of the circular polar = r r* — 


As ris constant, this area will be constant if à 


where £is a constant.‏ و 






















FTF 
Now c = ax + م9‎ + by? + 2gx + 2 +c 
and ۳ , À s A 
4۸ = Ww, Ole ea gi 
Ig... 6 
۱ a i h : az’ + hy + 
—— A : b : har + by +j 
|" ax +hy +g hat eby +), af (az + Ay +g) 
+ y (ha + by" f) 
۱ + (gx + fy’ +c) 
a, A , ax +hy' + akg s 
=H, b , ha’ + ون‎ + f= ris 9 | 4 
gf, gx + +c}: Gs Jy ۵ ۳ 
- Hence the equation to the locus of the centre of reciproca- 
tion is 


az? + 2hary-€-b5y€2g9x + Ify + 6 VEA. 


which represents a conic similar, concentric and coaxial with 


the given conic. 
10. The circular polar of the circle 


alx’ + y’) + 2gr + 2fy +c=—0 is the conic P 








10 


represented by the equation 


(ca — f*yx* + 2igay + (ca — g^)y + 2agr'x + 2afr*y + راو‎ —0 





or (ca — f* —g*)(x* + y’) + (gr + fy + ar") =0 
or z+ y* = (gz + fy + ar*)* 
] + 0۲-0 
The co-ordinates of the centre of the circle are 
( — E — T | 
a a 


and its polar is the line gr + /y+ar'=0 
also for a real circle (/* + g*— ca) is positive. 
If P (x, y) be any point on the circular polar OP" = z* + y*, 


also if PM be the perpendicular from P on the polar line of the 
centre grsfy--ar -—90, 


PM -?** fy + ar 
vg enl 





Hence from the equation to the circular polar we have 


op= f — PM 
۲۶ + 7-۷ ~ 


—e. PM where e= ue — 
f + *م‎ - ca 


The reciprocal polar conic has therefore the origin for one 
focus and the polar line of the centre of the given circle is the 
corresponding directrix. The co-ordinates of the centre of the 
circular polar are 


2 i ۱ gy? 2fr* j 
(-— à ) and therefore ; — [a , jr: : ,18 the other 
€ c | c e 


focus. Again the eccentricity of the cireular polar 


سس رت — — — — 


d as MEE. 
= f'+q>—ca 


Assuming ''a''to be positive the eccentricity is greater 
than, equal to or less than unity according as ''c" is positive, 
zero or negative. But ‘‘c’’ is positive, zero or negative accord- 
ing as the origin is outside, on or inside the circle. Hence the 
circular polar is a hyperbola, a parabola or an ellipse according | 


















en 

11 e EY e 

as the centre is outside, on or within the given circle. This - 

| is also evident from the equation — ioa 

. TIME GO A g* — 
e = f j’ + e: a’ a’ 


Fem UH 


J = 


í ET 
Lu 
tor ere 
B 1 l 
4 
0 


len Th 
* "V 5 
3 C ^ | 





Wa 


t _ distance of the centre of the given circle from the origin 
۱ radius of the given circle ata 
1 The eccentricity of the circular polar is independent of the 
۲ radius of the auxiliary circle which therefore affects the size 
۱ but not the shape of the circular polar. 

11. To determine the eccentricity of the general conic 

. aa" + hay + by* + gx + 2/۷ +c=0. 

Let (z', ’) be a focus; transferring the origin to this focus. 

the equation to the conic becomes 


"T ax? + Qhay + bı + 2g'r -2f/y + م‎ —0 










| where g =ax + hy + — 
4 f دبا‎ + by’ + f ۱ 
9 and c =ar + هدب‎ + by + dgx -2fy' +c. 
* The equation to the circular polar with respect to the 
auxiliary circle a + j^ =?" (referred to the new origin) is the circle = 
* A'z* + 2H'xry + By —26G'r!zr -2F'r*iu + C'r* =0 
E where ۳ =O and A’=8’. i.e., d , 
eM g*—f*-e'(a—b)...... (1) ; 
ie ne i. rouen (2) | P 
° If “e” be the eccentricity of the original conic we have 3 
| „ by the previous article $ 
۹ GQ? + ph ۱ 
da m ————— 
" GQ" + p'* — ) A’ 
(Af —bg') + (hg' — af) 


TU by 0 —afy — ۲-7322 — p o0 
Let g-—^f',then 





1 from. (1) (A*—1)f*=ec'(a—5) 
gand from (2) Af — eh 
ELE 
Em 


porn 



























(ab — h*)(be' — f*) 
۳ + (hg —af) 
bA A 
ear E 
~ f{(k— BA) + (hA— a) "j 


ET . (ab — A*y(bX — h) - 
E AA —bAy + (A - (1 ۱ 


From (4) hA? — h — aA — bÀ 
and 


"y A—bA= AAA — a) | 
hA* — h + ax — bà. i 





EL یت‎ (ab — 1۳) — A) : 
| =A + X) - (۴ 1 
E — M da a | | 
—* ` hI AS (AA—ay ۱ 
E y — (ab — (۸ ۱ 
pP) CO AX —a) m. 
E. | mors A a k ۱ | T 
E (2h + (a — bjA AA — a) m 

E. — (ab — À*)A aT] 
2T ; — (ab — A*)A ۱ "d 1 

~ (a=) Wax EN e ORES Day Bal J 

l — (ab — A*)A Wu 
= hla +b) + 0272-05 + b) ~~ 

ie روم و‎ UE Me 1 


۱ ^e. : ee 1) 
(ab — A*)e 3 + (e* — 1) (243 — - ab + i 
ue Ms ره‎ —1) ۱ 


=e ^ = 











h(a + b)(e* — 1) (ab —h*) + (e* — 1)(h* +6") a—b 


(ab—A')*(e—1)M harbiy 
or h?(a + b)* (e* — 1)* — ((ab — h") + (e* — L(A" + By} 
| = (a* —b*y(e* — 1)E(ab — h")  (e* — Y)À* + b*)} 
or (e* — 1)*{A*(a + b)*  )  b*)* — (a* — b*y(A* + 5*)] 
— (e* — 1)[ 2(ab — A*(A* + b*)  (a* — b? )(ab — h*)) — (ab — À** —0 
or (e* — 1)* E A* (a + b)* — (A*  a*y(A* + 2*1 
— (e* — 1)(ab — h*)(2h*  b* + a*) — (ab —A*)* =0 
or (e* — 2(e* — 1) — 1} (2abÀ* — A* — a*b? | 
^ — (€ — 1)(ab — h*)(2h* + b* + a*) — (ab — h") 20 
or [e*—2(e* — 1) — 1] (ab — h")  (e* — 1)(24* + 5* + a") + (ab — À*) —0 


or a (ab —h*) + (e* — ۱(۱4/* + (a — 5)*1 =0 


— (a —b)* + ۴ 


D. ab ie 





(e*—1)=0 


which gives the eccentricity of the general conic. 


If e,* and یه‎ be the roots of this equation regarded as a i 
quadratic in e* we have 





= . | 
ette رم‎ E>”) == : ۱ ^ 
p : 

is ——— 


In the ellipse (A*—ab) is negative and therefore e," e" is 
negative; hence one of the two quantities c, and به‎ is real and 
the other imaginary. 

In the hyperbola (^* — ab) is positive and therefore ی‎ is 
positive; hence e, and e, are both real in the hyperbola. 

12. The equation to the circular polar of az"  2/ry + by” 
+ 25 + 2۷ +c=0 with respect to a circle whose centre is 
(x', y) is 

A'z* + 2H xy + B'y* — 2G'r?x —2F'r*y + C'r* «0 

erred to parallel axes, through (x^, y^). 1 











If ۰ be the eccentricity of this circular polar we have, | 
,04 ما‎ AH"? 
سس سر هه‎ 
d AB — H” 
Hence the eccentricity will remain unaltered if 
(A'—B'Y + 4H” | (A € BY | ۱ 
AF FHT 27 TE H e constant. 
Now A’ + B' —c'(a + b) —(g"* + j^?) 
and A'B’ — H'* = (c'b —f/*)(c'a—97?) —(f'g' —c'Ay* 
= ce (abc + 2f'g'h —af'* —bg'? —c'A*) 
zc A. 


Therefore the locus of the centres of reciprocation with 
respect to which the cireular polars of a given conic have 
the same eccentricity is * 


AA (az + 2hry «by? 29r + 2fy + c) 
= {la +b) (ax? + 2hzy + by! + gz + راد‎ + c) — (ax + Ay + g)* 
—(ha + by +j) Y [where à is a constant] 
= { (ab —h*)(x* + y!) - 2): — bg) x — hg —af)y + (ca— g?) + 
(cb — f) } 2 
= {OF + y*) - 269» - 2 ۳+ +A +BY- 


The locus is in general a quartic curve. When the original 
` conic is a circle a=b and AM =o and then the equation 


| AA(az* + 2hry + by* + 2gx + 2fy + c) 
. —ÍiC€(2-y')—2Gr -2Fy + A +B} 
becomes 
à a (ax* + ay" + 2gx + 2fy +c) 


wma (ar + ay" + 2gx + و2‎ + 20 — 


(à —1)-—0. 


g^ EY 


a 


— 
r E 


E | =a} (ax* + ay + 29x + 2fy + o) — 
| 5 ۱ 


1 which re nts a pair of circles concentric with the given 1 


s is also evident from the fact that the eccentricity — — 


5 Ca = r polar of a circle ^ " 
7 radius of the circle ^ 


~ 








When the given conic is a parabola C=0 and the equation we 


EI 


. to the locus becomes £27 PE 
AA (az*  2hry + by? + 2gz + 2fy + c) - (2082 + 2Fy A-B} 


which represents a conic section. ۱ Er 
eccentricity being given by the equation ES 

&+(A—4)(A—1)=0 | TAL a 

if we put ۸ =0, the equation becomes b. 


: 4 4-4 #* + 4-0 . E 
or «= 4/ 2. "EDU 
'The locus is then represented by the equation " 

C (3? y') 20r —9Fy + A + B—0 
. whigh is the director circle of the given conie and tbe corres- 
سا‎ ponding reciprocal pola- is an equilateral hyperbola as is 
" otherwise evident from the fact that the tangents drawn from 
any point on the director circle to the given conic are rec- 


Ka tangular. 
| p. gh DEUM 
My 13. In the ellipse 7, + چم‎ =1 the foci are given by the 





uations 
E e e iv 
— a* b* abt z? y’ 
: I 1", "2'8-* 
. » 


or ات‎ (1) 










D and اواج‎ r a ah iO. M 
Thus we get the foci "^ b 


v=o —— 
= + Va" - 0۶ tae + 0/69 —a* = aei 


the scond pair of foci being imaginary. 





* 
۱ 
» 
o 


| - The circular polar of the ellipse += 1 with respect to 









Le (z—ae)* +y*=r* e 


"t | 


i‏ چو 





16 
For if (z’, y") be a point on the circular polar 


(z—ae)(z' —ae) + yy’ =r* 


is a tangent to the ellipse. 
Hence we must have 


a*(r' —ae)* + b*y* =e {r° +ae(z’ — ae) )*- 
Therefore the polar reciprocal is the circle 


| : * ra 
z I -—— — — LI 
+ {z ae (1+7) $ — 





Fig. ۰ 


If we take r—b, the circular polar of the ellipse will be the 
circle 
y* + (2 — 2ae)* =a". 


x 2 
The circular polar of the same ellipse att 4 = 1 with respeot 


to the imaginary circle 2* +(y—aet)*=r* whose centre is an 
i ry focus is anotherimaginary circle. For if (z' y’) be a 


imagina 
point on the circular polar e 







ás 
i E 
be 


۱۳۳ Teer 


| — 
xz’ + (y—aci)(y’ —aei) =r* isatangentto the ellipse. There- 
1 fore the circular polar is sa — 


a*z* + b'(y —aet)* = {r° + aei(y —aei) )* 


6 7 np 
or a + f رو‎ - (1 +5) — — 1 


۱ 2 4 
The circular polar of + = 1 with respect to (z—aef& —— 


y* = b* is the circle 


(a2 — 2ae)* + y* =a". : 
The circular polar of the focus S (ae, o) is the line infinity ; 
that of the centre C is the line RR’ given by the equation 


° 2n ۲ 
— and that of the other focus A ( —ae, o) is the line 





TT’ given by the equation 
2 
= ———. ig. 1). 
z (Fig. 1) j 


Hence if O be the centre of the circular polar and R and T' the ۱ 
points where RR’ and TT" respectively intersect the major 
axis we have 


2a*— 3b? 32g*'—b^ SIP 
- OT = 2ne — —— DOD  —— — — — 
2ae 2ae 208 


where OL is the radius drawn perpendicular to the major axis. 
۳ The pole of the directrix z=- is the centre O of the cir- 


cular polar and that of the other directrix x= — = is the point 
* D (z’, o) where 





2ae* 
Ic ats 


e? 2ae a* 
Thus OD=20e (1-175) = چ ۳ = یج‎ 
OI 


| ی‎ m mnî O. ۳ 





z'-—CD-— 








D 2 
14. Inthe hyperbola =, = wal the foci are given by the 


equations 
DES OS. cons AE ESTEE WO SO ee (1) 
" bi گے رای‎ — 
and (a+b) a p م۳‎ wee «aps r. 


The foci are therefore 


y=0 z=0 
z= A ET | and y si aro} 
= «ae | + 


the second pair of foci being imaginary. 
ar 
— 


The circular polar of a = with respect to (z — ae)* + 
y* و بت‎ 18 a circle. 
For if (r', y) be a point on the oircular polar (2 — ae) 
(x —ae) + yy' =r" is a tangent to the hyperbola and therefore 
a* (x —ae)*— b*y? = (r* + ae (x' — ae) }*. 
Hence the circular polar is 


2 pi 2 pig? 
y? + f æ — ae (1 — 5)! = — 
If we take r=) the circular polar becomes z* +y*=a* 
which is the auxiliary circle of the hyperbola, 
he circular polar of the same hyperbola with respect to 
z*+(y—aet)*=r* whose centre is an imaginary focus is the 
imaginary circle 


z+ { y—aei (1 + (( = — T 


Thus when we take (z—ae)*+y*=65* for the circle of 
reciprocation the polar line of the focus S (ae, o) is the line ^ 
infinity; that of the centre C is the directrix (X) correspondi 

to the focus S; and the polar line of the other focus H — 
is the line TT" intersecting the transverse axis at right angles A 





. at T where (see Fig. 2) 


— TI 
= a ود‎ ——. 
2 ST. SC —b* or ST * 














b = 2a* + ۴ 
h T = — — = — — پیج‎ 
Thus C ae — ج‎ X2 
Also the circular polar of the other directrix (X*) is a point 
D on the transverse axis where 
R 2 2 
9۳ b b*e b*e 





a ae*+a a(l4e) 
ae + - 
e 











Fig. 3. 
15. In the parabola 2E the focus at a finite distance is 
—— the circular polar with respect to (æ (۶ + y" =r? is a 
For if (z', y') be a point on the circular polar 
(r—a)r'—a)e*yy =r 
is a tangent to the parabola. | 
! "e Therefore (x' —a){r* + a(z —a)} + ay? — 0. ۰ 


BCU 1430 














P M E á 5 ۱ = 
—— r ‘ 
21 é — a 
- LJ 


Thus the equation to the circular polar is | 
a(z—a)* + ay" + f" (r—a)—0 | a 


or (e (+ )2: — a) + 1/* =0 
or (z-as بجوم(‎ l * 
2a 4a* 


If we take r=a, the circular polar of y* = 4azx is 


(z SON + “ر‎ = (5 j 
z) x >) 
the reciprocating circle being (x—a)* + y* = a. "d 
P 


Fig. 4. 
16. To draw two tangents to a conic from an external 


int. | 
(1) When the given conio is an ellipse. 
Produce CS to O, making SO-CS. — 


82وی . 
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About S and O as centres describe circles with radii equal 
to the semi-minor and semi-major axes of the conic respectively. 
Then by the previous articles, the latter circle is the circular 
polar of the conic with respect to the former circle. The same 
is evident from Geometry. From P draw (if possible) tangents 
PQ and PQ' and let QQ' the polar of P with respect to the 
auxiliary circle intersect the circular polar at Rand R’. Join 
SR and SR’ and draw PT and P7" perpendiculars to SR and 
SH respectively. Then PT and P7" will be tangents to the 
conic. ۱ 

As the point A is on the polar of P, P must be on the 
polar of Æ which is perpendicular to SA. PT is therefore the 
polar of R and consequently a tangent to the conic. Similarly, 
it may be proved that P7" is a tangent. 


(2) When the conic is a hyperbola. 

With C and S as centres, describe circles having radii 
equal to the semi-transverse and conjugate axes of, the 
hyperbola. "Then in this case (as well as in the former case), 
it is easy to see by Geometry that the former circle is the 
circular polar of the conic with respect to the latter circle, for 
the circular polar is the inverse of the pedal which is the auxili- 
ary circle of the conic. In the hyperbola, the circular polar 
which is the inverse of the pedal is coincident with the pedal. 

With the same construction as before, it can be easily 
proved that P7 and PT" are tangents to the conic. 


(3) When the conic is a parabola. 

In the parabola, the pedal with respect to the focus is the - 
tangent at the vertex. 

If the auxiliary circle be taken to be one of which the 
centre is S and radius SA, the circular polar will be the circle 
on SA as diameter. 

With the same construction, it may be easily proved that 
PT and PT" are tangents to the parabola. 


When the point is one on the curve, the line QQ' will be a 
tangent and the line corresponding to the point of contact 
will be the tangent at the point. When the point is inside the 
given conic, the polar line will not intersect the circular polar 
in real points and the corresponding tangents will be imaginary. 


17. We have seen that the circular polars of the ellipse 


with respect to the auxiliary circles‏ 1 ار ام 
(r—ae)'4 1/۷ =r‏ 
and z*--(y—aei)—r*‏ 


EI 
" F 
۳۹ " M" 
1 = — p sS 





are respectively 


y + — (| -5 — v 


1 : 
and ze + | y- aei(1+7,)} — (2). 


In (1), if we make r* = —6*, the circular polar is e + y* =a*. In 
this case the radius of the circle of reference is imaginary but 
the polar is a real circle, the polar lines being drawn on the 
side of the origin remote from the points. 

In (2), if we make r*— —a*, the circular polar becomes 
z*-y'—Lb* a real circle. Here the centre as well as the radius 
of —— are imaginary but the polar thence formed 
is 


pe. 2 
The  cireular polar of E — 4 = 1, with respect to 
^ 
a^ + (y —aei)* —7*, is 


x? + | y- -aei(1+ 2 ( 1 =- 


If we take r*— —a*, the circular polar will become z* + y* 
= —6*, an imaginary circle. 
18. To determine the circular polars of a series of con- 
focal conics. 
a y” 
EES * Ban 
common foci are given by 
y=0 1 
z=4y a — b + 
=+c say Jj 
Let (2—c)* + y*=£* be the reciprocating circle. 
If x y be a point on the circular polar, (x —c) (x' — e) + m 
will be a tangent to the conic. 
The condition of tangency gives us, 
{ k* + e)” — c) )* = (a* + X) (z' — c)” + (6° + (۰, 
` Therefore the circular polar is, 
k* + 2ck*(z — c) = (b* X) (x — e)*  y*] 


—1 be a conic of the system. The 


2ck 
| —e + ut — 
or (r—c)'--9 P EA 

















The circular polars are therefore a system of co-axial 
circles having 


for the radical axis which, it is easy to see, corresponds to the 
other focus. 

19. The circular polar of z*  y* — €'(a —r)*, a conic having 
the origin for one focus and z=a, for the corresponding direc- 
trix, with respect to z*  y* =r", is a circle. 

For let x' y' bea point on the circular polar; then xz’ + yy' =r" 
is a tangent to the conic. 

From the condition of tangency, we have, 


(a e? y - r° zy =(z" + گم‎ y^) (r* — e? a* y). 
The reciprocal polar is therefore © 


2 ( r ) (= ) 
y +t 5 x—— = ۲ سب‎ j. 
a €a 


Therefore, the circular polars of a system of circles having 
the same centre is à system of conics having the same focus 
and directrix. 

It is easy to see, that (2eo) is the parameter of the 
original conic. Hence, the circular polars of all equal circles 
. with respect to the same circle have the same parameter. 

20. To determine the centre of reciprocation in order 
that the polar triangle of a given triangle may be similar to 
another given triangle. 

Let (x y), (r" y"), (r'" y”) be the vertices of the first 
triangle and ^, », » the angles of the second triangle. | 

Let a 8 be the required co-ordinates of the centre of reci- 
procation, the reciprocating circle being (x—2a)* + (y — 8B) =r*. 

The sides of the polar triangle are respectively 


(a —a) (7 —a) + (y— B) (y — B) =F... . (1) 
(ه - عد)‎ (z'— a) + (y —8) (y! — B) 9 r^. ...(2) 
(a—a) (z —a) + (y— B) (y — B) e r*....(3)) 


We must have A, », and v for the angles between these three 


+ cos An LLL — 8) ) — a + (y از‎ 48) 
x VI — al + (^ - BG — ay (Q7 — B» 





LIBRARY |‏ با 






۳ oos fe 9) (64) «g^ B) oro 8) MET 
COS p= «v l(z"—ay +) Byl —a)* + (y — 1 E 
soa Pm لو‎ 4 6 Sr 
SBA =e) + (YB — a eB 
۳ The lines joining (7 y), (z^ y^), (x'^ y^) with (a £) are 
— (4) 
zr —a v - 0 "xn 














1 z-—aà — g—f 
ja wie ype 0 
۱ — —— 

at! «ae y” —B "-""""* (6). 


If A’ کر‎ ¥ be the angles formed by the lines (4), (5) and (0), - 


we have 

aA Lud 8) ("= 8) "= BY oo 

e EM Tay + BY AE ay +” — BY) 
(a^^ —a) (z —a) + (y"— 8) (y' — £) 





/ eos نو‎ — le + (/ SY 7T — + BY 
k com ی‎ — (Z-n) (=) + Q^ — 8) (71 B) 
* )اي‎ —a)* + )0 —B)*} )اي‎ —a)*  q— By 


cos u'-— 4 COS j 
cos v= + 005 v 
5e, A= or 1807y } 


cos À' = +cos A | ۰ 


p= or 180° بر‎ 
۷و‎ =v or 10۲۴ — ¥ 













Now from the geometrical point of view, the three les 


| E formed by three lines meeting at a point are either together 
A equal to four right angles or are such that one of them is equal 
to the sum of the other two. ۱ d 
Clearly there are four possible centres of reciprocation B 
corresponding to the four sets of values of A’, w’, »^, eiz.— E x 
A” = 180°— A . 2۳ << 2 
u'—180?—, p(l) "بر‎ = iso*—, (3) 
=] 80° —» p =r 


A’ = 180° —A A= À 
K=p H2) "بر‎ ۰ (4). 
=r بو 1807 = ر‎ 
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Let ABC be the given triangle; let aros BOC and BOC, 
COA and CO"A, AOB and AO'’B be described on the sides 
BC, CA, AB containing angles equal to 180°—A, 180' —4, and 
180° — v respectively, ^, u, v being the angles of the other given 


A ۷ 





0 
Fig. 7. 


triangle. Evidently, the aros on BO, CA, AB will intersect 
each other at O, which is ons possible centre of reciprocation. 
The centres of reciprocation corresponding to the cases (2), (3) 





Fig. 8. 








and (4) will be situated on the three arcs as represented in the © 
diagram. We shall discuss these four cases in order. - 


Case I. In this case the point must be inside the given 
triangle, for the sum of two angles can not be equal to the 
third. Hence, it is evident that this centre of reciprocation 
will be possible if 

180°—A> A, 180°— p> B and 180?! —»2 0C........(») 


If these inequalities be not satisfied, there can be no required 
centre of reciprocation inside the triangle. 


۱ Case II. The centre of reciprocation in this case must 
bezon the arc BO’C, the Z CO'A being equal to 4 and the 
Z AO'B to ۰ ۲ 














Fig. 9. 
It is easy to a that it will be possible to determine O' 
if 
Fig. I. Fig. ۰ 
7 either مر‎ > B B >p 
Ns and » > ote and C > ۳ — A): . 


r Case III. In this case, the centre of reciprocation will be 
, (^. some point O” on the arc CO" A, the angles CO" B and AO" B 


a 


i 
á 
e 


ES bei g equal to A and v respectively, and it is easy to see in the 
|.  -. same way that O” will be a possible centre if 


Fig. I, Fig. 1 


either » » C C v 
and A > 4) ۳ and A > à fte (° 


Case IV. In this case, the centre of reciprocation will be 
some point O% on the arc AO'"'"B, the angles CO" A and 0 
being respectively equal to » and A. 
It is easy to see that O” will be a possible centre of reci- 
procation, if 


Fig. I Fig. II 
either ۸ < 4 AA | 
aie EF I a ARSE OF 


|. . ti» easy to see that the conditions (3), (y) (8) can not 
_ hold good simultaneously, as ^ cu +» = A + B-C-two right 
— angles. Any one of these conditions (six in number) راو‎ 


. good, the others cannot be true. Thus, only one of the three 
centres O', O”, O'" is a possible centre of reciprocation, the 
. other two being imaginary. The same proposition may be 
. established in another way. The points O’, O", O'", B,C t 
= are concyclic, as also the two systems of points O’, O”, 0%; m. 
C, A and O’, 0O”, 0’, A, B. 'Theref»re the points O, af 2.011 5: 5 
` A, B, 0 are all conoyclie, which is impossible since A, — — 


p ۲ 
- L 











|. . not equal to A, B, C respectively. The fallacy lies in the fact — 
| that two of the points O’, O”, O” are imaginary, viz., the circu- _ 
lar points at infinity, and therefore the proposition converse to - 

| Prop. 21. Book III [Euclid] is not applicable. J E 

cU oU 

21. 'To determine the centre — Sup ak pease order that  — 

118 parallelo- — 


the circular polar of a given qu teral may be a 
gram. 


Let z,y,, T41, Bas, XY, be the vertices of the given quadri- 
lateral. ‘The sides of the reciprocal polar, the centre of recipro- J 
cation being (aß) are :— —— 


N 
Ei 


(x —a)(x, — a) + (y — By, —B)=r?........(1) 
(x—a)(z;—a)+(y— By. —B)—r........ (2) 
(2 — a)(z, — a) + (u—8)ys—B)—r: oc 2 (O) " 
(r—a)(7,—2) --(y—B)(y,—8) 9 ........(4) 

These lines must be parallel in pairs; and as we can choose two 


pairs of equations from the four in three ways, there are three — 


possible centres of reciprocation given by am 














mea 1۱-0 1 

%—2 ولا‎ - 6 REE [4[48 

3۳ - 6 _ 1 -- 5 

z,—a ولا‎ - 5 
N: 0, «<< — y,—8 
E کک‎ clei, s WU T 
۳ — — 
»نت‎ yÊ i 
iB — 2 
gu". e~ 3,—B8 ۳ rE ee) * 
lie Te — a Vs —£ E = F, 
MEC =a ys — B E 
ES c The three centres of reciprocation are the points of intersec- 

tions of the diagonals and opposite sides. " 





Hence, we can reciprocate a system of conics passing through 
four given points into a system inscribed in the same parallels. 
gram. 

22. Let az*'--2hzy--by?-- 2gz + 2fy + c 0— ,تاه‎ y).........(1) 
and a'z*-F2A'rzy + U^? + 2g + 2f/y + c' 0m (m, y)... (2) 
be two conics. | 

Let (2—2")9 -(y—3)*-r7 


be the reciprocating circle. The circular polars are respec- 


A’? + 2H’ 2y + زو لو‎ — 20'a — 9F'r y O'r 0... ss. s (3) 
A”z* + 2H" ry + By — 2G" ria — 2 P" phy + 0۳۸-۵... ۰۰4۱ 
diio F The circular polar of (1), i.e. (3), will be similar and similarly - 
a — respect to (2) an 


Í 0 


`J 
A H' H 

— — 

it the centre of reciprocation be given by 


D dene ee 
bolz, y)— (he + by +f) _ (as + hy +g) tly ef) hora) — 
a ee |. E eae 


3 Ld 


! ty 


- . Wd Past m 
e * 1 > ۵ 
۱ ! Á ۲ = BN. 1 
2 4 e ! bd 
nm. ana 
CON. TE 
x X " 
ee h 
B - a 2 M 
4. p — 0 
"A o -- 
LJ 


Í. - 














_ able, y) — et hy + g)? 


4.6. if the centre of TEO be given by the 
equations : : ۱ 


Ca —2G2+A | Oxy — Fz—Gy& H Cy! 2۳۸+ B i^ 
ee 


( AC-G ( FX, CH-FG 9 
70) +a (oe — | 


dM = Àa cte RM) — 


——o 


ee DA 
UR er ee CE 


دس و 
Pw à A» — 1)‏ 
^s " | a m =. " "* 9" " & " " * 9» *" ^" 5» ^ * * *" * «(d‏ 


b E | | (^ Aa’ — zx) -22- د(‎ + w) M 


(ab? — ^) (aa + bb’ + Bh’) 2 





E. 
3 
2 


A 


5 2 
P N + SRO) 





— | 4 
Equ me Pi Aabermines. ^, and from (5) and (6) we get the = 
coor dinat x the four possible centres of wai ا‎ 3 
= 1 1 ۳ R, 
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The two values of X as given by equation (8) will be real and 


distinct if 

(aa" + bb’ + 2hh’)* > 4(ab — A*)(a*b' — h°”), 
i.e. if (aa! — bb + 4(a’h + bA")(ah* + b'h) 
be positive. 


The cireular polars of (3) and (1) will be similar and similarly 
aituated if 
us Hu 


śe. if the centre of reciprocation be determined by the 





equations :— 
,عفن‎ y) — (hx + by + f) 
b'e'(r, y) — (hz -b'y + y 
_ (ag + + g) hz by + f) —ho^z, y) 
` (a'z - h^y +g یویر‎ -b'y + ۳۱-۵36 ¥) 
atl x, y)—(ax+hy +g) | 
—— y) (art hyg) 
Ca" — 36 + A Cry-— Fz— Gy +H 
= Qa3—2Gr-4' Czry—F'r—G'y* H’ 
co0M AF ts. - | 
Toy Fy p" O8) 
or, (C—pO’ ja? —2(G—uG’ e+ (A—4A') -O ۱ 
(CO — pO )xy—( P —.F')r —(G —4G')y + (H —4H*) —O 
(O—yuO')y^ —2 ۳ pF’ (۱ + ) B—pB')-0 | 
Whence, ۱ 
۱ o) (a — o — ui A—pA 
(=- O—uO') C—O 
1 ۲ ; 
— ((G —4G'")— (A —4A^')(C — nC’) } 
~ (C= CETTE 
((G* — AC) + #(AC’ + A'C —2GG") + (GU — KON ) re (9) 
And 


(z- oz50)(-9 دج‎ 








30 
1 c 
=O 0 (€ - ^e" - pF") - )0-0() — pH’) ) | 
1 
= Gg "(CF — CH) - (GF + G'F OH’ = OH) 


+p? (FF — O'R’) } cuce (10) 


also (v = as) 


1 | 
= 0 0 (U - »Fy - 0 - »B'Yyc- C) ). 


1 


B'O—2FF')‏ + 80۲ )م + UE BO)‏ سس 


Ta (F^ — B'C")] ی‎ SOS (11) É 


From (9), (10) and (11) we get for the determination of ۸, the 
biquadratic equation 


{ (AC — G*) — p(AC’ + A’C — 2GG") + p*(A'C" — G")) 
x [(BC— FP!) —»( BC’ — B'CO—?FF") + ,?(B'C' — F?)) 
= { (GF —CH)— (GF' + GF —CH' —C'H) + )شم‎ -C'H')y 
or, {DA —p(AC’  A'C — 246") +p. b A^] 
x [aa —u4(BC' + B'O—2FF) + .ثم‎ a’ A") 
= {ha 0)م-‎ + G'F—CH'—O'H) + pth.’ (۳ 
or, p*(a’b’—h”) ۵ج‎ n a la (AC + A'O —2GG") + b'(BO' + 0 
—2FF')—2A'(GF' + G'F—CH'—C'H)| 
+ i3 ((ab + a*b — 2hh’) a . a’ + (AC' + A'C — 2GG^)(BC* + 30 — 
2FF")—(GF" + GF COH’ -C'Hy) p A (b(BC" + B'C - 2F F") 
+a(AC’ + A'C —2GG') —2h(GF' + FF —CH’ —C'H)J 
+ (ab—h*)A*=....(12) 


Equation (12) gives the values of بر‎ and from (9) and (10) we 
get the co-ordinates of the eight possible centres of reciproca- 
tion. " | 
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The circular polars (3) and (4) will be concentric 
H"F" b RB’ H'" phd — RaQ’ 


if RA HG IP EG 
1 A'B' —H” A" p^ e Ha 
H'G'.-A'F H"G" — AVF” 
and ا‎ — : 
A'B' —H A" D" — H" 
$e. if 9 =" and ای‎ ۱ 
Cc c : 


t.¢., if the co-ordinates of the centre of reciprocation be 
determined by the equations 


ax + hy + har + by + f ga + fy +2 

2۳2 + ۳ + 77 haa Raa a FS aT Pg 2۷ ey) 

2 + ۳ + ی‎ h’xn+b'y +" guefue-c 
Whence, 


(a —a^v)z + (h—h'v)y + (g —9' v) =0 
(h—h'v)x + (b —b'v)y + 0-۰۷ ) 20 
(g —9'v)x (f — f'v )y + (c—c'v) -0 


a Tr, y we get a cubic equation for the determination‏ ی 
of »‏ 


a—av, h—hv, g—g9'v 
h—h'v,  b—b^, / — f'v it frere (13) 
g—9v, [f—fv,  c—e'v 


Thus there are three possible centres of reciprocation in order 
that the circular polars of two given conics may be concentric. 
It is easy to see that the three values of v given by (13) are 
the values of » for which (2, y) —1¢’(2, y) =0 breaks up into 
two right lines. 
The three centres of reciprocation are the points of intersec- 


tion of the diagonals and opposite sides of the common 


inscribed quadrilateral of the two given conics. The polars of 
each of these three points with —— to the two given conics 
are coincident right lines and therefore the cor 

circular polars are concentric. This is also evident from 
Art 21. ۱ 





73. In this article, we shall establish by circular polars, =~ — 
properties of conics, and in so doing we shall simply state the ۳ 
| corresponding reciprocal property in the circle. — 


l. Any focal chord of a conic is divided harmonically by 
ths curve, the focus and the directrix. 

The portion of a straight line intercepted between two 
pwallel tangents to a circle at right angles to it is bisected by 
the line through the centre parallel to the tangents. 


Li 


^. If any chord QQ’ of a conic intersects the directrix in 
D, SD bisects the exterior angle between SQ and SQ’. 

The line joining the centre to the point of intersection of 
۲۳۲۲ tangents makes equal angles with the two tangents. 


| The angle at the focus subtended by a tangent inter- 
cepted by the directrix is a right angle. 
In the circle, the radius is perpendicular to the tangent. 


4 The subtangent at any point of a parabola is bisected at 
the vertex. 

any straight line is divided harmonically by the point, the 
pohr and the circumference of the circle. 


€ The tangents at the extremities of a focal chord of a 
parabola intersect at right angles on the directrix. 

“he angle in a semicircle is a right angle. 

& Two tangents subtend equal angles at the focus. 


Che tangents make equal angles with the chord of contact 
ina circle. 


— 


Y ou — 4: 


9 


۶ 
_ Nx v 
s ا‎ TS Je. ۳ 


7. The exterior angle between two tangents is equal to the 
mgle subtended at the focus of the parabola. 

The angle between the tangent and the chord is equal to the 
aigle in the alternate segment. 


s. The circle circumscribing the triangle formed by any three 
angents to a parabola passes through the focus. ۱ 

The parabola has for a tangent the line infinity. 

Or, the feet of the perpendiculars dropped from any point 
on the circumscribed circle of a triangle on the three sides are 
collinear. 


9. ‘The lines joining the extremities of any two focal chords 
of a conic intersect on the directrix and the focal distances of 
h | their intersections are at right angles. 

The point of intersection of the diagonals of a parallelogram 
t . circumscribed about a circle is the centre of the circle and the 
۳ |J diagonals intersect each other at right angles. 











10. If two conics have a common focus their common chord ` 
or chords will pass through the point of concourse of their 
directrices. 

Py: The point or points of intersection of common tangents to 
| two circles will lie on the straight line joining the centres of 
the two circles. 


11. The vertex of a circumscribed triangle whose bise _ 4 
subtends a constant angle at the focus lies on a conic having 
the same focus and directrix. yo 

The envelope of the base of a triangle inscribed in a cirle 

. having a given vertical angle is a circle. 4 


12. Given the focus and the directrix of a conic, shew tiat > 
cA polar of a given point with respect to it passes through a 
fixed point. 

1 The poles of a fixed straight line with respect to a series of 
* concentric circles lie on another fixed right line. 


13. Conics having the same focus and directrix do not et - 
. nor have common tangents. | i 
. Concentric circles do not intersect and have no comnpn 
tangent. 

14. Given four right lines passing through a point ané a 
fixed point O. The envelope of a line intersecting the given 
lines at A, B, C, D, in such a manner that <z AOB= 200D 
is a conic having the origin O for a focus. 

A, B, C, D are four given points in a straight line and P ij à 

point such that ~APB=2CPD. The locus of P is a circle 

24. The method of reciprocal polars may with ۵ 
be used in solving some problems. We shall consider here te 

] following problem :— R 

ges To find the envelope of a line moving in such a manner thit 

the product of its distances from two fixed points may le 
constant. | 

» Let us take one of the fixed points for origin and let th: 

` . other be (af). | 
` Let 2*+y*=r* be the auxiliary circle. | 

i. lf p, and p, be the two perpendicular distances and z'y' be 

the pole of the variable line in any position, we have ۱ 
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.. the circular polar of the envelope is the circle — 
۹ ۱ RG 

aè + y= Gre BYP). aac 


t 
| ' The envelope which is the circular polar of (4) must be | a 


- central conic having the fixed points for foci. l 
Y 25. In this article we shall establish some metrical — i 
2 ties by the method of circular [et 


po 
comes A. Ae be two points ; their circular po with 
respec +y°=r* are xr’ + yy =r", xx" + = 
sient. y yy yy" respec- — 
n | If ô be the distance between the two points, 9 the * M 
۹ between the two lines, and p, and p, the وس ی‎ E 
m them from the origin, 


^ H 8 = (27 —z"y?.-(y'—y")9......... .(1) 


— | cos 4= — — y" — 


P = ,* 2 ۳1 
Eu (x + y )«^ (œ + y" ) 
1 ۱ = ^y 





UAE REV 














Whence, ô= 2 . (pj) + pj —2p, p, cos 6) 
p _ 
EB 7 s= E v (Pi? + pj — 2p, p, cos 8). 
It is easy to see that the points A, B, Q, P are ۰ 
The triangles OA B and O QP are similar and we have 


De a M — 


Also if PM and QN be dropped perpendiculars to the polars 
of Q and P respectively, 
* 1۹ ۱ PM = z'z" + y' S. and Qn = — 
a6 ME x” +y” > zt + y 





* 
= 


g'g” + yy" -r —* 


è i & 
: FL) 3 es EN 5 
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13۳16, 12. 


We have therefore 


PM ۰ 00-0۲ - OP 


Again if 8 be the distance between the two parallel lines 


xxt yy’ =r 
Axr’ + Ayy’ =r" : 
and $' the distance between their poles (x'y* az, hy’), 


i ah eee 


7۷ s cem 
8 =(A—1) F x’ +y’ 
and therefore ۸۸2۲ =r? - (A—1)*, 








As instances of theorems relating to metrical pro 
which can be inferred one from the other by the 
circular polars, we state the following :— 





— 





l. The locus of a point moving in such a manner that the 
product of its distances from two fixed lines is constant, is a 
hyperbola to which the fixed lines are asymptotes. 

The envelope of a variable line such that the product of its 
distances from two fixed points is proportional to the square of 
its distance from a third fixed point, is a conic section. 


2 The distance between two parallel tangents to two con- 
centric circles is constant. 

If two conics have the same focus S and directrix and a 
line SPQ be drawn cutting the conics at P and Q, 


PQ is proportional to SP. SQ. 


3. 6 any number of chords of a circle be drawn through a - 
given point within or without a circle, the rectangle contained 
by the segments of the chords are equal. 

The rectangle contained by the perpendiculars dropped from 
a focus of a central conic on parallel tangents to the conic is 
constant. 


4. In the ellipse, SP +S’ P is constant. 
S is à point inside a circle centre O and a radius OL is drawn Tu 
at right angles to OS. A point 7T is taken in OS produced » 
such that 207'-OS=SL*. T'isthe foot of the perpendicular | 
dropped from S on any tangent to the circle, then j 


ST" © TT" + ST. (Vide figure 13.) Ši 


5. Inthe hyperbola S'P —SP is constant. (Vide figure 14.) + 


'i S is a point outside a circle, centre C. In CS a point T is 

3 taken, such that 287 ۰ CS = the square on the tangent from S 4 
to the circle. 7" is the foot of the perpendicular from S to any — 
tangent to the circle, then 





۳ ST’ œ TT’ —ST. 






— | û In the central conic S'P + SP is constant. 
J Given two fixed lines and a fixed point O; the perpendi- 
ANT culares OA and OB are drawn to the fixed lines and 
"e. OP is drawn perpendicular to a third variable line so that 
= Ecran t a ee 


DAD 
2 
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۰ A2 
j A es پر‎ 
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CIRCULAR POLARS— OBLIQUE AXES. 


om 1. The reciprocating circle is اب‎ 
kc a* + 2ry cos ل + ده‎ = ۱ ۱ 
d 1 If z'y' be a point on the circular polar of the general « 


x(x’ + y' cos w) + y(y' +z" cos o) — r* 
aL must be a tangent to | 
3 ax + hazy + by? 29r + 2/۷ + 6 
The circular polar of the general conic is therefore 
e A(z +y cos w)? + 2H\ x+y cos o)(y +z cos w) 
+ Byz cos w)*— 2Gr?(x +y cos o) — 2Fr*(y +2 COS w) 
+ Cr*=0, 
or, (A +2H cos w+ B cos*w)z* 
2(A cos o + H +H cos" + B cos wzy 
+ (B + 277 cos o A cos*w)y* — 2(G + F cos w)r*x 
— 90 +G cos «)r*y + Cr* —0. 
2. 'Transférring the origin to zy’, the equation to the conic - 


becomes 
| ax? + Qhay + by + 29x + 2f'y + c' —0. 
a The circular polar of the conie with respect to- 
aî" +y? +22y cos o—r* referred to the new origin is 
( A" + 2H' cos w+ B’ cos?o)x* 
+ 22۸۳ cos o + H' + H’ cos*o + B’ cos o )ry 

E. +, B’ + 2H' cos w + A’ cos*o)y* 

— 9(G' + F” cos «)r*z — 2( F’  G' cos o)r*y + C'r* 0. i2 
This will represent a circle, if | 


A’ - 2H" cos w+ B’ cos*o — B' + 2H' cos w + A’ cos*o...... (1) 
and A’ cos « +H’ + H' — COS t ۱ 
























۱ — 
KS): - — هب‎ s 
| p a MEM E E e PME 

r A 1 — ر‎ ۳ q4 — — < h 

A ا‎ ~ - CENTS - 

j . 2 ۱ e, 
i — i 0 » ۱ ۵ ۱ pat 

1 i 3 o ره‎ 

4 " 1 ° 
e 44 

= " 


_ From (1) جح‎ 
| and (2) A’+B’ cos w»=0 | 
1 H’ i 





* 4 c = ^ 608 w ۱ » 
SN Pol oh 
e.c. be’ — f’ = de مس‎ igo » 


cos وه‎ — f^ = 605 w(ac’ — g') —ch-—fg. 


.*. C€(h—b cos w) — f'(g' — f" cos w). 
and  c'(h—acoso)-—qg'(f' —9' cos w). 







The circular polar is a circle only when the centre of recipro- 
cation is a focus. Hence, the ea gan determining the foci 
when the axes are oblique and inclined at an angle w are :— 


(az + hy  g)( hz + by + f—ax + by + و‎ cos w) 
h—a cos w 


_ (hz + by + flax + hy + g— ha: + by + f COS o) 
h —b cos o ; 


= az* + 2hxy + by? + 29x + 2fy + c. ~ 


The first equation represents a pair of lines through the 

centre and must therefore represent the axes of the general +5) 
conic on which the foci are situated. The axes are therefore 4 
given by 4 









DCN وه‎ (èp _ + 
ahy 3c 097) (E ip). 
h—a cos w "d h—b cos w 

.3. "The circular polar of the circle 


a(z* + y* + 2zy cos w) + 2gx + 2f yt c— ۰ 


{ (ac — f") + 2(fg — ca cos w) cos w + (ac — q*) cost ja at 
p 2( (ac — f*)cos w+ (fg — ca cos w) + (fg — ca cos w) cos*u * | 


Eo | + (ac — g^) cos o] zy | 
+ ((ac— g*) + 200 — ea cos w) cos w + (ac — f) cos*w}y? 


1 


- 
۱ 
۱ 


لح سم 
To r‏ 


+ 











—2{ (af cos w—9a) + (ga cos w—af) cos له‎ 


— 2((ga cos o — af) + (fa cos «— ag) cos uy DMT 

+ a” sin’ «r*—0 T E 

or, (P + ۶-2 cos o— ac sin*o)(z*  y* + 2zy cos w) 
= gin*ao(gz + fy + ar*)*. 


4 
If PM be drawn pependicular to gz + fy + ۳ 0 — P. a ig 
point (x y) on the locus, ۱ 


sin*w (gx + jy + ar*)* 
Pg - 2/0 cos w 
OP =e. Pa 


e 
F + “و‎ 2/۲ cos w 
ere ۷ سے‎ — — — 
m + و‎ - 9/۲ cos w— ac Sin*e | 


PM*-— 
and therefore 


qe Hence, the circular polar is a conic having the origin for 
| focus and polar of the centre for directrix and the eccentricity 


e the distance of the centre from the origin | 
| the radius of the circle 


tis 4. The eccentricity of the general conic referred to oblique - 

» axes can be determined as in Art. 11, Chapter ۰ 

— Transferring the origin to a focus (z^ ¢) the equation becomes 

S ax* + 2hay + by +2g'x + 2f'y + که‎ =O. _ 

$ ^ The circular polar of it, which is a circle, is 

iE (A’ + 2H' cos » + B’ cos*w) z? + (B' + 2H' cos w+ A” cos*w)y* 

1 | + 2(A" cos o  H' + H’ cos*w + B’ cos «)zy —2(G' + F’ cos w)r*z 3 
is — 2( F' + G' cos w)r'y + C'r* =0. Mi 









۱ - Therefore, if e be the eccentricity of the general conic, A 
F” + ) + 2۳6 cos w 

۳ ۳ + GU. 2F'G' cos » —C'( A’ + 2H' cos w+ BY cos*o . ^i 

or j 
e- | (ab —A*)((bc' — F>) + 2/6 —c'A)cos w —* g’* cos’ costo} (1) 2 


A T e T (gh—afy + (Mf —bg y + 29 —af (AP - by ۵۰ 





3 
e - 


























E where LU xg 095 9) _ f(g — - f 008 w) 


EUM Ww UC Chobe d E وه‎ Cy 


e Debt m AM VL ون‎ A 
GO. then from (2) 





F(A - ۸۶ cos w) —c'(h —a cos w) 
and Pom (3) 
۸-۸۶ cos w h-—a cos o 
- SSS b= won es ee .)4( 
Making these substitutions in (2) we get 
—1 (ab — A*)(b* — h) sine 


€ ^ (h—b cos w){ (h^ —a)* + (h —5A)* + 3083 —a)(h —bX)cos «) 
where ^ is given by (4). 


Ai I It is also easy to see thet the equation to the director-circle, 
; the axes being oblique, is 


4(a + — 2h cos o) > (x, y) 


E - | -) ) +(2) - -22. ی‎ ۰ COB w, 
| the circular polar being an equilateral — in this case. 


v 





CHAPTER IV. * 
PARABOLIC POLARS. | 1 


` Let y*— daz be the auxiliary conic. 

É Tf z' y’ and x" y” be two points, their polars with zaspao to 
. the parabola are :— 
"d yy’ — 2a (x + 2) =0 d 
and yy" — 2a (x +2")=0 | IER 


۳ مش وتو‎ tte er si the axis of z are 
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The points where they intersect the axis of y are 


(o. =") and (0, <=). 


Therefore the intercept on the axis of x made by the polars 
is equal to the difference of the abscisss of the two pointa. 

Again when the points are on the parabola, the intercept on 
the axis of y made by the tangents at the points is equal to 
one-half of the difference of the ordinates of the points. 

The vertex of the reciprocating parabola will be referred to 
as the origin of parabolic reciprocation. 


l. Let the parabola رد‎ = 4az be the auxiliary conic. 
We shall determine the parabolic polar of the general conic, 


ar? + 2hzry + by + 2gx + 2fy +e=—0. 
Ifex’y’ be a point on the parabolic polar, 
yy — 2a(x + x’) - 0 
must be a tangent to the general conic and therefore 
44a* + By* + و4‎ —4Faxy + 8Ga'x 
- 4Hay =0 is the parabolic polar. 
2. Transferring the origin to (z‘y’) the equation to the conic 


becomes 
az? + 2hay + by + 2 مد‎ + 2f'y + e =0. 


- The parabolic polar of this conic with respect to y*—4axr=0, 
referred to the new origin, is 
AC'a?*r* — 4 F'axy + B'y? + SC atx 
= OA oy CEA SO cect rers (1) 
The discriminant of this equation 
= 16a*( A’ B'C' + 2F'G'H' — A’ F” — BG" —C’H") 
= 1° As 
Similar inferences can be drawn as in Art. 5, Chap. II. 


3. The parabolic polar will be a circle, the origin of reciproca- 
tion being (7y) and axes rectangular, _ 














From (2) FY = hg’ —af’ 
= ħjar + hy’ 9)—a(hz' + by +f) 


=0. 
or, (ab — h*)y* = hg — af 
or, Cy’ — F. 
From (1) 4(ab — h*)a* = ac — 9"? 


= a(ax^* + 2hz'y' + by + gx + 2fy’ + c) lax + hy’ +g)" 
= (ab — h jy — 2(hg — af)y' + (ac — gq). 


The parabolie polar will be a circle if the origin of reciproca- 
tion be determined by the equations. 





Cy=F ۱ (A) 
and 4Ca* = Cy* —2Fy + Bi " " 5 " *" *"" " *" * — 
Eliminating y between these equations we get 

4C u" = BC — ۶ 
68 . à 
or, Jl او سب‎ a a a RW RIO C B 
* — 4(ab — hY 5) 
. ys a ۰ à 
es “= 9(ab A”) 


In order that the parabolic polar of the general conic may be a 
circle, we must have the parameter of tlhe reciprocating parabola 


24 a. A. 


equal to — at the same time, the origin of reciprocation 
a — 


must be some point on the line CY =F. 


4. The parabolic polar will be an ellipse, a parabola or an 
hyperbola, according as B’O’—F” is positive, zero or negas- 
tive, i.e. according as (a. 4) is positive, zero or negative. 


Now y= will be a tangent to the general conic if 
OB" — 2/3 + B=0. 


The two values of 8 as given by this equation will be imagi- 
nary. equal or real and distinct, according as BO—¥F” is 


‘positive, zero or negative, i.e, according as (a. 4 ) is positive, 


zero or negative. 








Hence, the parabolic polar will be an ellipse, a parabola — 
an —— according as the tangents to the general conic 
parallel to the axis of the parabola are imaginary, coincident — 
or real and distinct, 


5. The parabolic polar will be an equilateral hyperbola, if * 
4C" a? + B' =0 
or, 4Ca? + Cy —2Fy + B =0. 
The parabolic polar will be an equilateral hyperbola, if the 


origin of reciprocation be anywhere on one of the two lines 
parallel to the axis of x and given, by the equation 


Cy? —2Fy --4Ca?*.- H—0 
F + /(F*— BC — 40'a”) 


. 
Elm. ۱ 


or, y 5 
* - 
6. The parabolic polar of the circle E 
ax’ + ayî + 2۲ + 2/0 €*c-—0, call 
with respect to y* —4ar—0, at 
is aaa" + 4afazy + (ae — g*)y* J 
| — Baga?r — 4fgay + 4(ca — f jat —0 ; 1 
This will be an hyperbola, a parabola or an ellipse according as a 
4a*a* (P +g —ac) is positive, zero or negative, i.e. according as puid. 
the given circle is a circle with a real and finite radius, a point ۰ 
circle or an imaginary circle. The parabolic polar of a real ۱ 
circle is an hyperbola as is otherwise evident from Art. 4. ۲ 
7. In order that the parabolic polar of the hyperbola à 
r y* ا‎ 

gp! 
may be a circle, we must have ' 
۱ E411 ) | XN 
_ ware) » ane 
reta s ۱ 
* ) ate 4A 


b 
or, a = > 
i.e. the parameter of the reciprocating parabola must be equal J 
to the conjugate axis of the hyperbola. Also the ordinate y of 


y € w 
" e 











the origin of reciprocation must be 5=0, i.e. the origin of 

reciprocation must lie on the axis of z, i.e. the transverse axis. 
S. If zy’ be a point on the parabolic polar of the hyperbola 

° r? y 

a b 


with respect to the parabola y* — 2xb =0, 


l, 


yy’ —br—bx'—0 


is a tangent to the hyperbola and therefore, from the condition 
of tangency, we get 


a? bly” : 
n = Du" 
or, ae or oa, 


i.e. the parabolic polar is the auxiliary circle of the hypefbola, 
viz. the circle û + ° =a. 


From what has been established in this article, it is easy to 
see that the following pairs of propositions may be deduced 
one from the other by the method of parabolic polars, remem- 
bering that in the parabola the difference between the abscisss 
of two points is equal to the intercept on the axis of z—the 
axis of the parabola—by the polars of the points. 


EXAMPLES. 


|. The rectangle contained by the distances of any point on 
an hyperbola from the asymptotes, is of constant magnitude. 

The rectangle contained by the intercepts on two parallel 
tangents to a circle by a variable tangent to it, is constant. 


2 PQ is a chord of the. circle (z—a)' + y'—a* passing 
through either of the two fixed points (+ a* — a* ,0). 

PM and QN are perpendiculars drawn from P and Q to the 
axis of y. Then PM . QN —a* —a* = constant. 

From any point in either of the two right lines z= + a —a*, 
tangenta are drawn to the hyperbola intersecting the axis of x 
at T and 7", the equation to the hyperbola being 





(+a)? wi 
ab. a 11 ? 
Then, OT. OT" = a" — a° = constant. 
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9. To determine the parabolic polar of i 1, with 
respect to y? — 2br —0.. 


بت 


Let r'y' be a point on the parabolic polar, then 
yy’ —b(r + x )-0 
is a tangent to the hyperbola. 
b*y"* n? 


Therefore. as 
D x” 


The parabolic polar is therefore the rectangular hyperbola, 
y "و‎ = a 
The following propositions may by inferred one from the 


other by the method of parabolic polars as established in this 
artiode. 


EXAMPLE. 


11 pP P’p’ be a double ordinate of an hyperbola cutting the 
curve at P and P' and the asymptotes at p and p', then 


pP- pP 
and pP. pF’ = constant. 
If the parallel tangents P7 and P7" to a rectangular hyperbola 
intersect the conjugate axis at 7 and 7" and lines At and At 
be drawn through A and A’, the extremities of the transverse 


axis parallel to the tangents intersecting the conjugate axis at 
t and t', then 


IT —UT" 
and tT. CDI" — constant. 
10. To determine the parabolic polar of the ellipse 
yè ۳ 
E +A = 1, with respect to y* = ۰ 


Ii z'y' be a point on the parabolic polar, 
yy — bix + 2 (=0 
is a tangent to the ellipse. 


a* b? A 
Therefore, = + gua 7 


or, the parabolic polar is the rectangular hyperbola, 


—y?=a*‏ ا 








The following propositions are parabolic polars with respect 
to one another :— 


In an equilateral hyperbola, the product of the distances of 
ET pus on the curve from the asymptotes is constant. 
an ellipse, the rectangle contained by the intercepts on 
two fixed parallel tangents by a variable tangent is constant. 


ll. To determine the parabolic polar of y'—4ax with 
respect to E = 2S. 
If ay’ be a point on the parabolic polar, 


yy —a(xz)-0 
is a tangent to the parabola y* = daz 
i.e. * — ax’. 


Therefore, the parabolic polar is arfbther parabola having the 
same axis and vertex. i 


ILLUSTRATION. 


Two fixed tangents to a parabola are cut proportionally by 
۹ variable tangent. 

f P, Q be two fixed points on a parabola, and R a third 
variable point on it, the portions of the axis intercepted by 
the line PQ and the tangents at P and Q, will be cut propor 
tionally by the lines RP and RQ respectively. 


12. To determine the parabolic polar of the circle z* + y” = 5* 
with respect to y* = ۰ 
Let zy’ be a point on the parabolic polar, then 
yy — blr -x)-—0 


ia a tangent to the parabola. 


| Therefore y'* + 0 zx, 
The parabolic polar is therefore the equilateral hyperbola 
z* -— y* = hb*. 
EXAMPLE. 


In the equilateral hyperbola if pP P'p' be an ordinate inter- 
secting the asymptotes at p and p’ and the curve at P and F’, 
PpzPp 


and Pp. Pp =b = constant. 



















If two parallel tangents be drawn to a circle intersecting 
a diameter at 7 and T7", and if also parallel lines be drawn 
through the extremities of the perpendicular diameter inter- 
secting the former at f and f, then 


Tt -— Tt 
and Tt. Tt' = (radius)*. 


13. To determine the parabolic polar of z + y* —a* +۸ with 
respect to y* = 25r. 


Let z'y' be a point on the parabolic polar, then 
yy —b(z +2) =0 


must be a tangent to the circle. 





Therefore ba ® PT +A) (y  b*). 
The parabolic polar is therefore 
۱ xt 2 
— — ۳ =l. 
a“ +4۸ b 


Hence, the parabolic polar of a series of concentric circles is 
a series of concentric and co-axial hyperbolas having the same 
conjugate axis. 


ILLUSTRATION. 


The points of contact of tangents drawn from a point to a 
series of concentric circles are situated on the circumference of 
a circle. 

If a series of hyperbolas be described havi the same 
conjugate axis, the envelope of the tangents at the pointe of 
intersection with a straight line parallel to the conjugate axis 
is a hyperbola. 

14. To determine the parabolic polar of z*—y*—2a* +A with 
respect to y* = ۰ 


Let z'y' be a point on the parabolic polar, then 
yy —b(rz')-0 
is a tangent to the hyperbola. 


a*s (a*+Aa)y" 
CR UR 


: Therefore, — 
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x y* 


"Therefore, th b ۱ — am 
e parabolic polar is 27 





Hence, the parabolic polar of a series of rectangular hyper- 
bolas having the same asymptotes but different transverse axes 


is a series of concentric and co-axial ellipses having the same 
minor axis. ۱ 


ILLUSTRATION, 


The points of contact of tangents to a series of concentric 
and co-axial equilateral hyperbolas drawn from a point on the 
transverse axis lie on another rectangular hyperbola having 
parallel axes. 

The envelope of the tangents at the points of intersectioh of 
a series of ellipses having the same minor-axis with a line 
parallel to the common minor-axis is an ellipse having parallel L4 
Axes. aig 

1 










. 15. To determine the parabolic polar of 2-0, with 
respect to y* = 2, 
If z'y' be a point on the parabolic polar yy—a(z+2')=0 is 
a tangent to 2ry = a*. * 
Eliminating y, we get 
2r (x+2")—ay' =0 
Therefore, ix + 4 . 2ay’—0 
or, 2" + 2ay' = 0. 


The parabolic polar is therefore a parabola ir" + 2ay — 0. 


EXAMPLES OF RECIPROCATION. 


1. The lines joining a variable point on an hyperbola to 
two fixed points on it intercept a constant length on either — 
- asymptote. | "m NONE 
The oblique projection of the intercept of a variable tangent a ^ 
to a parabola between two fixed tangents on another fixed” 
tangent is equal to the intercept of the fixed tangent, the — 
projeoung lines being drawn parallel to the diameter of the — 
` 3, Any circle which touches both branches of a hyperbola E 
` makes an intercept equal to the transverse axis on either - 
۱ Wo asymptote. i VID een. — 
— Los v — on T 9۹ 






v 
- 





— 
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The intercept on any fixed tangent to a parabola by tangents 
to a hyperbola having doublé contact with the | (the 
points of contact being on the two arms of the parabola) and 
parallel to the axis of the parabola, is constant. ۱ 





CHAPTER V. 
Errirric POLARS. 


1, The auxiliary conic is the ellipse 


2 : 


x 2 i, | 

E ۸۴ — 

The elliptic polar of the general conic Lu : 

ax* + 2hzry by + 2gx + 2 -c—0 ^ 

d cH Bil 2G. oe 7 1 

18 = EATA t وج‎ ۷ uu remm 

Transferring the origin to zy’, the equation to the conic : 
becomes 


ax + Zhay + by + g's + 2f'y +e =0 


and the elliptic polar of this conic with respect to 
a* 


referred to the new origin, is 


The discriminant of this equation — age 
It vanishes when the original conie is a pair of right lines, 
the elliptic polar being then a pair of coincident right lines. 
The elliptic polar will be an ellipse, a parabola or an hyper- 
bola according as the tangents drawn from the centre are 
l inary, coincident or real and distinct. ۱ 
The elliptic polar will be a circle, if the centre of reciproca- 





e@tion be determined by the equations 


ME. ۹ * 
n.r ی‎ 2 
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at(ax + hy + g) — G*(hx + by fy x 
ata — 8*b 


a” 


pi = (ax + hy +q)(ha + by -fyh 
; = ax" + hwy + رو‎ «29r + 9 +c, 
۱ It is evident that the axes of the elliptic polar will be 
fi parallel to the co-ordinate axes, if the centre of reciprocation 
be anywhere on the rectangular hyperbola, 
1 Cay — Fr — Gy + H =0. 


eg condition remains true for circular and hyperbolic 
lars 


The elliptic polar will be an equilateral hyperbola, if the 


centre of reciprocation be anywhere on the ellipse, ۰ 


b a 
(2 + I t2hry +by* + 29r + 2fy + c) 


_(ax+hy +g)" (he +by +f) 
— Ej? 


2. The auxiliary ellipse referred to the conjugate diameter 
is z* + رو‎ ۳۶, the axes being oblique and the included angle 


« being equal to the angle between the equi-conjugate diame- 
ters. 


The elliptic polar of the general conic will, in this case, be 
Az" + 2Hzy + By —2Gr'r— Fr*y-O0r*2-0. 
If z'y' be the centre of reciprocation, the elliptic polar will 
ic Aa + 2H'zy + B'y? —26G'r!r — 2F'ry + C'r* —0. 
This will represent a circle, if 


A’ = BF 
z and = Al’ A’ cos “i 


i.e. if the centre of reciprocation be given by 


3 8۸/5 4ة‎ 
۱ y bx êy cos «) 


h—b cos w * 













h+ a COS w 


= 4(2, y). 
' The elliptic polar will be an equilateral hyperbola, if 
۱ A’ + B' —2 H’ cos w=0, 
i.e. if the centre of reciprocation be on the conie, 
4(a + b+ 2h cos w) $ (z, y) 


^ -(2 aA t (2) +22 SE CO8 e. 


| 3. To détermine the elliptic polar of — m with | 
۱ 
۱ 2 

Let zy’ be a point on the elliptic polar; then + 
a tangent to the ellipse. 


* mA y 

be. i.e. the elliptic polar is ۲ 
* 2 ,A 

J a 

` m m 







a conie similar and similarly situated with the given conics. 


ad CHAPTER VI. 

۱ HYPERBOLIC POLARS. 

The auxiliary conie is the hyperbola‏ .1 ,> ات 
æ xr?‏ 


— — =], 


ee ££ 
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The hyperbolic polar, the origin being 2’y’, is ۳ 
- SH B’ oc © uon D , 
— — ag ty gy — 2G = + 2h pU =0 


The hyperbolic polar will represent an ellipse, a parobola or 
an hyperbola, according as the tangents from the centre of 
reciprocation to the original conic are imaginary, coincident or 
real and distinct. 


The hyperbolic polar will be a circle if the centre of recipro- 
cation be determined by the equations 


a*(ax + hy + g)? — B*(ha + by «y 
a*a — pBp*b 
= (ax + hy *g)(ha + by  f)/A 


= azê + hey + by + 2gx + 2fy +c. 
The hyperbolic polar will be an equilateral hyperbola if the 
centre of reciprocation be situated anywhere on the conic, 
a b nl 1 2 : D 
(= + 2 ( (ax + Ihry + by* + 2ax + 2fy +c) 
_(ar+hy+g)* (haz + by + 7) 
RS — 


2. When the auxiliary conic is an equilateral hyperbola 
x*—y*=r*, the hyperbolic polar of the general conic is | 


Ax* — 2H xry + By! — 2Gr?x + Fry + Cr+=0 


If s'y’ be taken as the origin, the hyperbolic polar, with 
respect to z*— y* — r* referred to the new origin, will be 
A'x* — 2H’ xy + By —2G'rf!» + 2F'r*y + C'r* —0 
In this case the hyperbolic polar will be a circle, if the centre 
of reciprocation be given by 
(ax + hy +q)* — (hx + by + j) 
a—b 
= (ax + hy + g)(hx +by + f)/h 
= az" + hry + hy’ + 2gx + 2fy +c. 


i.e, if the centre of reciprocation be one of the foci. 





yr 
1 
$ 
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۳ The hyperbolic polar will be an ‘equilateral hyperbola, if t je Ps 
1 centre of reciprocation be anywhere on the director circle, E 3 
i Olè + y’) —2Gr— Fy +A+B=0. 

| The rectangular hyperbolic polar of the circle 

۳ alx? + y?) — 

F : 3 E — fy + =< 

۱ is the conic a + yy? = = ج‎ 


of which the origin is a focus and eccentricity 


i — 


ft ۱ % When the auxiliary conic is the hyperbola — EM a 
lar. referred to the asymptotes, the hyperbolic polar of the اش‎ 9 * 
+ 60۳010 is . T 
ia Ay! + 2H zy + Bx! — 2Gry —2Fr'z + Crt =0. و‎ 3 
When z'y' is the origin and 2zy=r* is the reciprocating E 
conie referred to that origin, the hyperbolia polar is ۴ 


Ay" + 2H’ xy + B'z? —G'r'y — 3F Px + O'r* =0. 


_ The hyperbolic polar will be a circle, if the centre of reciproca- | - ۳ 





F 
M. 
£ . M 
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* bp (So ۵ 
ir óy * + 5 cos w ) 


Ah +a COB w 


dp (5d t 
by ae + = cos w ) 


h +b cos w 
= 4), y), 
— where w’ is the angle between the asymptotea. 


The hyperbolic polar will be an equilateral hyperbola, if 


(2) (2) + + و‎ È $t cos " 


= 4 (a + b + 2h cos u) $ e y)- 












CHAPTER ۰ 
THEOREMS RELATING TO AREAS. 


1. The sides of the polar triangle with respect to 
z*+y*°=r* of the triangle of which the vertices are (7y), 
("y"), (=y) are respectively 

r+ wyy'—r'—0 
ae’ + yy"—r'-0 


er” 4 yy” = y) Er 


If 4 and 4' denote the areas of the original and the polar 











triangle respectively, 5 
x, Y’, 1 ۱ 
9 A a z'^ y", 1 
۱ see 1 — 1 ۱ 
Qu wy ud 
"yia 4^". 1 
* | g” : af! ۰ 1 
and = A — zx’, y' | a^. y” z^. y''* | 
z^", y" a’! y" | x. y’ | 
— — 
— (x y” dz L'y (æ y” = xy y” y = ey") 
20 A* 


, 


^"^ —(0A-0B.00y sin BOC. sin COA. sin AOB. ` 


Observation 1. 


If a triangle ABC be inscribed in the reciprocating circle, 
the polar triangle A4’ B'C' will be circumscribed about it, and we 


have 

~ = کر‎ = a uu 

in this case A = Tan AOB ain BOO sin OOA 
2 ۵ * 


^ ۳۵ sin 2A sin 2B sin 0 














c 


" 8 
E Observation 2. 
The area of the self-conjugate triangle ABC with respect to 
x* + y’ =r" is 
(0A .OB . OC) sin BOC . sin COA .sin AOB 
2r* E z 


Observation 3. 
If the reciprocating circle be the incircle of the triangle ABC, 
the polar triangle will be the corresponding inscribed triangle 
A’ B'O”. 


A 








In this case, 
A art A 
 (OA.OB.OC) .sin BOC.sin COA .sin AOB 
: : PM S. 
2 2 ` a z 2 = - |. PSE 
J A*. sin* = . sin! > . sin* > | 
- B C 
cos =. cos چپ‎ 


? 
r cos = > 
2 


Observation 4. 


If the reciprocating circle be one of the escribed circles, the 
۱ 


triangle will be one inscribed in the escribed circle, 


A 


Fic. 17. 





In this case, 
2r,* * 


â «a=0A. 0B. 00). sin BOC . sin COA .sin AOB 


A B 


sin ——.- sin 


2r,*4* 
Fa Fa " 
004 ad) — * 
2 2 


















* 24*. sin? + - cost Z . cos? -57 JT 
if nu $^ 
i PT ee 
/ Ta «008 وت‎ . sin 2 . sin 2 
ii Similarly, 
2 2 1 i (B 1C ad 4 
<n A”. sm 9 *» COB 3 ۰ CO8 3 
۱ AU UH Su LIEN 
۱ E Sg: * 
j 
24* ۰ sin* .€. * — - cos? B. 
"s d A* 2 2 9 
sn c= : 
2 dba oe - sin —- + sin B 
5 2 2 2 


2. The sides of the polar triangle with respect to 


+—=1, 


*g 


a central conic, are respectively 


" rr' , 
— 


$ »یی 
a? 1‏ 
e "1‏ 
wu? m‏ 


If 4 and 4’ denote the areas of the original and the polar 
triangle, (ABO and 4'B'C") 





=1 





۷) x DA’ a (2a )* 
E. “A —(O0A.OB.OOCy.sin BOC . sin COA . sin AOB 


9۷8۶ A? 


i, 95 a’ OA. OB. OC)*. sin BOC . sin COA . sin AOB 
E Obs. The area of the self-conjugate triangle ABC ۰ 
(OA . OB . OC)* sin BOC . sin COA . sin AOB 


[28 
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3. To determine the area of the polar triangle with respect 
to the parabola y'= 4ax of a given triangle. "s 


rif. # 


Let (rw), (y) (yJ) be the vertices of the given 
triangle. The sides of the polar triangle are 


2a(r*r' )—yy' =0 
2a(r + ۳ )—yy" =0 
2Sa(r-zx')—wuyy'"-0 
If A and 4^' denote the areas of the original and the polar 

















triangle, 
| 2۵, =y", 2az z 
| 2a, — y", Zax” ; 
«#۹ 2— Saa” 
2a,—w | |2a,—y" | 2a,— y” 
2a, — y” | 2a, — y” 2a, — y” e 
ly, x’ a 
16a* ۱ b. y^^, a^. 
k I, y”, x''* 
e | [rey EE 
| Ly" Ly"! l, y’ 
ala REA, 
ر وا(‎ y” n 
daa?’ 


A = yf —y iw —W و(‎ — »y) ~ 
Obs. The area of the self-conjugate triangle is 
(y —y ily F— y y” —M) 
da 


a function of the differences of the ordinates of the vertices of 
the triangle. i 
4. To determine the area of the polar triangle with respect 
to z*—y' =r", of a given triangle. 
I (zy), (x^), ("y") be the vertices of the original 
triangle, the sides of the polar triangle are 





—“ — yy" — 60 
rx'"'—yy'"-—r'-0 











è — 
۹ e 
ot ا‎ us E 





. 65 ° 
and? 
و‎ lL EFA I e 

۳ (OA .OB . OC) .sin BOC . sin COA . sin AOB 


Cor. "The area of the self-conjugate triangle with respect to 
an equilateral hyperbola 
_(OA . OB . OCy . sin BOC . sin COA . sin AOB 
2y* ۱ 


6. To determine the area of the reciprocal polar conic of the 
circle a(z* + y*) + 2gx + 2/y +c=0, with respect to 


4 

















35 gy 
a’ gi l. 
The reciprocal is, 
۳ 
c— ac —3* agr? 
۹۳2 وه کل . و و هیر‎ + m y + 2 a z+2.—y+a=0 
The area of this conic 
LE cel NES 
ما‎ —h™) و‎ 
۱ | : a* = : 
where | A =~ (0 + f* — ac) 
ML a, cal(ca —g* —f*) 
and a'b* —h a F 
The area of the elliptic polar 
ja" ca—g —f'| d 
P Ig 


-rem (2) 
where R is the radius of the circle. 
The area of the hyperbolic polar with respeot to 





۱ - * 
‘ - 66 . 
i 5 — — نب‎ — or rectangular hyperbolic polar with 
= -Re( — zy ; 
c 


Assuming ʻa’ to be positive *c' must be negative, i.e. the 
origin of reciprocation must lie inside the circle in order that 
the expressions for the areas may be real. This is also evident 
from the geometrical point of view. For when the origin is 
outside the circle the reciprocal polar ia an hyperbola. It is 
easy to see that the corresponding geometrical interpretation 
of the expression for the area is that the modulus of the 
imaginary expression is the expression for the area included by 
the reciprocal hyperbola and its conjugate. For it can easilv 
be established by the principles of the Integral Calculus that 
the area included by the hyperbola | 


x y? 4 
at pr 
2 2 
and its conjugate a — =1 is rab. 


Again, the locus of the centres of reciprocation with respect 
to which the areas of the polar conics of the given circle is 
constant, is in each case a concentric circle.  . 


Ph ut Rc —— — ۳س‎ — 





